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ABSTRACT
We demonstrate that nonlinear decay of obliquely propagating Langmuir
waves into another Langmuir and Alfve´n waves is possible in a one-dimensional,
highly relativistic, streaming, pair plasma. Based on this we present a new mech-
anism of pulsar radio emission that involves development and quasilinear relax-
ation of two stream instability, induced scattering of generated Langmuir waves
by plasma particles and nonlinear conversion of Langmuir waves into Alfve´n
waves. It is shown that characteristic frequency of generated Alfve´n waves is
much less than the plasma frequency and consistent with the observational data
on pulsar radio emission.
Subject headings: plasmas – pulsars: general – radio continuum: stars – relativity
1. Introduction
It is commonly believed that the pulsed non-thermal radio emission of pulsars is gen-
erated by plasma instabilities in the relativistic plasma consisting of electron-positron pairs
(Michel 1991; Melrose 1993). Plasma particles are produced by γ-rays via electromagnetic
cascades in the vicinity of the magnetic poles of the neutron star and flow away along the
open magnetic field lines with Lorenz-factors ranging from γmin ∼ 10 to γmax ∼ 103. A two-
stream instability has been proposed as a mechanism of radio emission of pulsars soon after
their discovery (Ginzburg et al. 1969). Later, using the available models of pulsar magne-
tospheres the development of this instability was discussed in many papers (for a review,
see Usov 2002). It was argued that if the plasma outflow is stationary, the two-stream in-
stability does not have enough time to be developed before the plasma escapes the pulsar
magnetosphere. However, it was suggested a long time ago that the process of pair cre-
ation near the pulsar surface is strongly nonstationary (Sturrock 1971; Alber et al. 1975;
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Ruderman & Sutherland 1975). Usov (1987), Ursov & Usov (1988) and Asseo & Melikidze
(1998) investigated the two-stream instability that may develop because of the nonstation-
ary plasma flow. According to their model, pair plasma clouds are injected into the pulsar
magnetosphere continuously with small enough intervals, τ0 ∼ 10−5 s. At the distance
ri ≃ 2cτ0γ2min ≃ 108 cm from the neutron star fast (γ ≃ γmax) particles of one plasma cloud
overtake slow (γ ≃ γmin) particles of the preceding cloud, and mutual overlapping of the
clouds begins, where c is the speed of light. In the overlapping region, there are, in fact,
two steams of slow and fast particles, and the condition for the development of two-stream
instability is created. For typical parameters of pair plasma in the pulsar magnetospheres
the growth rate of the instability is quite sufficient for its development. The value of ri is
consistent with the distance from the neutron stars to the radio emission regions estimated
by Gil & Kijak (1993), Rankin (1993), Kramer et al. (1994), Kijak & Gil (1997) from the
observational data on pulsars.
Quasi-longitudinal Langmuir (non-escaping) waves are generated in the process of devel-
opment of the two-stream instability. These waves may be converted by different processes
into transverse electromagnetic waves that can escape from the pulsar magnetospheres (e.g.,
Bliokh & Lyubarsky 1996; Lyubarsly 1996). The frequency of Langmuir waves generated at
the distance ri is about two orders of magnitude higher than the typical observed frequency
of pulsar radio emission (Kunzl et al. 1998; Melrose & Gedalin 1999). Therefore, the wave
frequency has to decrease significantly in the process of wave conversion to be compatible
with the observations. In this Letter, we discuss a sequence of processes that may be re-
sponsible for generation of L waves and their conversion into low-frequency electromagnetic
waves in the pulsar magnetospheres.
2. Basic equations and some solutions
We consider pair plasma in the external uniform magnetic field B0 directed along the



























B = 0 , (2)
where fα is the distribution function for the particles of type α which is normalized so that∫





vfαdpz is the current density.
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Our study of nonlinear phenomena will be performed in the frame of the weak turbulence








α + ..., j = j
(0) + j(1) + j(2) + ..., (3)
here the unperturbed distribution function f
(0)
α is assumed to be stationary and homogenous.
Besides, we use the infinite magnetic field approximation (for finite magnetic field effects,
see Mikhailovskii 1980; Gedalin & Machabeli 1983; Machabeli & Gogoberidze 2005). In this
approximation, the distribution function fα is one-dimensional in the velocity space (v ‖ B0)









α dpz . (4)
In this case from equations (1) and (3) we have
∂
∂t
f (0)α + eα〈Ez
∂
∂pz
f (1)α 〉 = 0 , (5)
∂
∂t
f (i)α + vz
∂
∂z
f (i)α + eαEz
∂
∂pz
f (i−1)α = 0 . (6)
In this equation the angular brackets denote pulsation averaging.
Performing Fourier transformation with respect to temporal and spatial variables, equa-
tion (6) for i = 1, 2 yields




ω − kzvz , (7)











where k¯ ≡ (k, ω). The first (f (1)α ) and second (f (2)α ) order perturbations describe the linear
dynamics of plasma and three wave resonant processes, respectively.
Without lost of generality we assume that the wave vector k lies in the x, z-plane. From
equations (2), (4) and (7) it can be shown that there are three fundamental modes of pair
plasma (Volokitin et al. 1985; Arons & Bernard 1986). The first one is the extraordinary
wave with the electric field perpendicular to the k,B0-plane. The other two modes are
Langmuir (L) waves generated in the development of the two-steam instability and Alfven
(A) waves into which L waves may be converted (see below). For both these modes their
electric fields lie in the k,B0-plane.
– 4 –
In the infinite magnetic field approximation when only one component (εzz) of the linear







γ3(ω − kzvz)2dpz , (9)
for rather low wave numbers,
k2zc
2 ≪ 2ω2p〈γ−3〉, |kzkx|c2 ≪ 2ω2p〈γ−3〉 , (10)





























for quasi-transversal A waves, where Fα = f
(0)
α /n0, so that
∫
Fαdpz = 1, ωp = (4pie
2n0/me)
1/2
is the plasma frequency, and 〈...〉 ≡ ∫ ...Fαdpz.










3. Generation of L waves and their evolution
We consider the model where L waves are generated by the two-stream instability that
develops at the distance ri ∼ 108 cm from the neutron star surface because of overlap of the
pair plasma clouds ejected from the pulsar (Usov 1987). Below, all calculations are done in
the plasma frame where for a plasma cloud the mean vector-velocity of the cloud particles
is zero. We assume that in the regions where the plasma clouds overlap the densities of the
slow and fast particles are the same (for development of two-stream instability for arbitrary
distribution function of plasma particles, see Ursov & Usov 1988). In this case the Lorentz-
factor of the plasma frame in the pulsar frame is γp ≃ (γmaxγmin)1/2 ≃ 102.
The two-stream instability starts developing when the clouds overlapping is very slight,
and in the overlapping regions the momentum spreads of the slow and fast particles are small
(Ursov & Usov 1988), i.e., the distribution function roughly is Fα ≃ [δ(pz−p0)+ δ(pz+ p0)],
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where p0 = γ0mec and γ0 ≃ (1/2)(γmax/γmin)1/2 ≃ 5. For L waves with kx = 0 the dispersion












0 ), where V0 ≃ c is the particle velocity corre-
sponding to the momentum p0. Obliquely propagating L waves (kx 6= 0) are also generated
by the two-stream instability. For such waves with kx . kz the growth rate is ∼ Γmax given
by equation (14) (Mikhailovskii 1974). The characteristic frequency of generated L waves is
∼ ωp〈γ0〉1/2 ≃ ωpγ1/20 (Usov 1987).
The first nonlinear process that occurs soon after the begining of two-stream instability
is quasilinear relaxation (Lominadze et al. 1979). This process is described by equation (5),






where Λ is the Coulomb logarithm. The quasilinear relaxation results in that the distribution
function of particles has a shape of a plateau up to the Lorentz-factor of ∼ γ0, i.e., Fα is
∼ γ−10 at γ . γ0 and nearly zero at γ > γ0.
After the stage of quasilinear relaxation the induced scattering of L waves by plasma
particles becomes the dominant nonlinear process (Lominadze et al. 1979). The character-









where WL is the energy density of L waves. The induced scattering transfers the wave
energy from the frequency region where L waves are generated (ω ∼ ωp〈γ〉1/2 ≃ ωpγ1/20 and





0 /c), i.e., the mean frequency of L waves decreases ∼ γ0 ≃ 5 times. Here, we used that
〈γn〉 ∼ γn0 for n > 0 and 〈γ−n〉 ∼ γ−10 for n ≥ 1.
4. Nonlinear conversion of L waves into A waves, L→ L′ + A
The process of nonlinear conversion of L waves into A waves, L → L′ + A (and any
other three-waves process) is described by the second order current. From equations (4) and



















γ3(ω − kzvz)2 . (17)




z in general case when both L and A waves participate in the process.
The distribution functions of electrons and positrons created via electromagnetic pro-
cesses are identical. In such pair plasma all three-waves processes are absent. This is
because the second order current j(2) is proportional to e3, and the summation in (17) over
electrons and positrons gives j
(2)
z = 0. However, in the process of outflow of pair plasma
along the curved magnetic field lines the distribution functions of electrons and positrons
are shifted with respect to each other to maintain the electric neutrality of the plasma
(Cheng & Ruderman 1977). This results in that the mean Lorentz-factors of electrons (γ¯e)
and positrons (γ¯p) slightly differ, ∆γ = |γ¯e − γ¯p| ∼ 1.
For L waves shifted to low frequency region by induced scattering there is no solution
of the resonant conditions, ωL = ωL1 + ωL2 and kL = kL1 + kL2 . Therefore, the process
L → L1 + L2 is kinematically forbidden, and we can omit all the terms proportional to
ELz (k¯)E
L
z (k¯ − k¯′) in equation (17). Taking into account that ωL ≫ kLc and ωA ≈ kAc for
low-frequency L waves and A waves, respectively, and using the standard technique of weak
turbulence theory (e.g., Kadomtsev 1965), from equations (13) and (17) we obtain












is the matrix element of interaction that together with the resonant conditions,
ωL = ωL′ + ωA and kL = kL′ + kA , (20)
totally determine the conversion process L→ L′ + A.
To describe the frequency change in the process L→ L′+A it is convenient to introduce
the ration of the frequency of generated A waves to the mean frequency of the low-frequency






0 ωp). The results of numerical solution of
the resonant conditions (20) are shown in Figure 1 where the dimensionless wave number






0 ωp). We can see that for the typical
parameters the frequency of generated A waves is about 2 orders of magnitude less then
the mean frequency of L waves. To clarify our numerical results presented in Figure 1 we
can find the approximate analytical solution of the resonant conditions (20) for obliquely
propagating L waves, ΩA ≈ (KLx )2(KLz )2/2 ≪ 1 at KL′x = 0. From this solution it follows
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that for rather small wave numbers of L waves the frequency of generated A waves is always
much less than the characteristic frequency of L waves.
If the waves have chaotic phases then the characteristic time scale of nonlinear conversion








5. Numerical estimates for typical pulsars and discussion
If we assume that in the plasma frame the frequency of radio emission coincides with
the mean frequency of L waves generated by the two-stream instability at the distance ri,
the characteristic frequency of the radio emission in the pulsar frame is









where B12 is the magnetic field at the neutron star surface in units of 10
12 G, P0.1 is the
period of the pulsar rotation in units of 0.1 s, R ≃ 106 cm is the neutron star radius, and
M is a so-called multiplicity factor that equals to the ratio of the pair plasma density to
the density of the primary particles (Melrose & Gedalin 1999) . For plausible parameters
(e.g., γp ∼ 102, γ0 ∼ 5, M ∼ 103, B12 ∼ 1, P0.1 ∼ 1, and ri/R = 50) equation (22) yields
ν ′L ∼ 20 GHz that is about two orders of magnitude larger then the typical frequency of the
pulsar radio emission.
In this Letter, we have discussed the model where the radio emission of pulsars is
generated via the following sequence of processes: (a) development of two-stream instability
in collisions of plasma clouds and generation of L waves; (b) quasilinear relaxation of two-
stream instability; (c) induced scattering of generated L waves by plasma particles and
decrease of the mean frequency of L waves; (d) nonlinear conversion of low frequency L
waves into A waves. For plausible parameters of the pulsar plasma defined above and for
KLx,z = 0.3 and WL ∼ 0.1n0γ0mc2 the characteristic times of these processes in the plasma
frame are τi = (Γmax)
−1 ∼ 10−8 s, τQL ∼ 10−7 s, τIS ∼ 10−6 s, and τNLA ∼ 10−6 s,
respectively. These times are at least an order of magnitude smaller than the characteristic
time of the plasma outflow τout ≃ ri/(cγp) ≃ 2× 10−5 s. Therefore, all these processes have
enough time to be developed in the magnetospheres of pulsars.
We have shown that the typical frequency of generated A waves is about hundred times
smaller than the value given by equation (22), and it is consistent with the observational
data on pulsars. Hence, the proposed model solved successfully the high frequency problem
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for the theory of radio emission of pulsars based on the development of two-stream instability
(see Kunzl et al. 1998, Melrose & Gedalin 1999).
Another mechanism of pulsar radio emission that involves a two-stream instability has
been proposed by Gedalin, Gruman, and Melrose (2002). In this mechanism obliquely prop-
agating electromagnetic waves are directly generated by the instability without a nonlinear
process. However, the mean frequency of these waves is only an order of magnitude smaller
than the same of L waves, and it is too high to be consistent with the radio spectra at least
for some pulsars.
This work was supported in part by Georgian NSF grant 06-58-4-320, INTAS grant
06-1000017-9258, and the Israel Science Foundation of the Israel Academy of Sciences and
Humanities.
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Fig. 1.— Dimensionless frequency of A waves generated in the process L → L′ + A as a
function of z-component of dimensionless wave number of L waves before their decay for
different parameters: KLx = 0.5, K
L′
x = 0 (solid line), K
L
x = 0.7, K
L′
x = 0 (dashed line) and
KLx = 0.7, K
L′
x = 0.4 (dash-dotted line).
